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ABSTRACT. Let {Tt} be a strongly continuous one-parameter group of
isometries in HP (1 € p < =, p # 2) with unbounded generator. There is a
uniquely determined one-parameter group {¢t}' t € R, of M¢bius transforma-
tions of the (open) disc D corresponding to {T,} by way of Forelli’s theorem.
The interplay between {T,} and {¢,} is studied, and the spectral properties
of the generator 4 of {Tt} are analyzed in this context. The nature of the
set § of common fixed points of the functions ¢; plays a crucial role in deter-
mining the behavior of A. The spectrum of A, which is a subset of iR, can
be a discrete set, a translate of iR+ or of iR_, orall of iR. If § isnota
doubleton subset of the unit circle, {Tt} can be extended to a holomorphic
semigroup of HP -operators, the semigroup being defined on a half-plane. The
treatment of {Tt} is facilitated by developing appropriate properties of one-
parameter groups of Mgbius transformations of D. In particular, such groups
are in one-to-one correspondence (via an initial-value problem) with the nonzero
polynomials q, of degree at most 2, such that Re[zq(z)] = 0 for all uni-
modular z. A has an explicit description (in terms of the polynomial corre-
sponding to {d’t}) as a differential operator.

0. Introduction. The purpose of this paper is to investigate strongly con-

tinuous one-parameter groups of isometries (and their generators) in the spaces
HP (of the disc), 1 <p <o, Such groups were studied in [1], where basic
facts were developed. The following is of central importance to our subject
[4, Theorem 2].

(0.1) ProrosITION. If T is a linear isometry of HP onto HP, 1<

p <o, p ¥ 2, then there are a unimodular constant v and a Mobius transfor-
mation of the disc ¢ such that

0.2)

(TNE) = v[$' @)1 Pf¢k), [FEHP, 1zI< 1.
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On the other hand, if 1 <p <o, (0.2) defines a linear isometry of HP onto
HP.

In §2 we take up the relationship between groups of HP-isometries and
one-parameter groups of Mobius transformationsof D (= {z€C: [z <1}). A
one-parameter group of Mgbius transformations of the disc is a homomorphism
t — ¢, of the additive group of R into the group M (under composition) of
all univalent analytic mappings of D onto D such that, for each z, € D,
¢(z¢) is a continuous function of ¢ and, for some u €R, ¢, is not the
identity map.

One-parameter groups of Mobius transformations of D are closely associated
with polynomials of a certain type, and this association is developed in §1 (see
Theorem (1.5)). §1 also deals with the classification of such groups, as well as
their extensions to groups of linear fractional transformations (see Theorem (1.10)).

In §§3 and 4 we consider the generators of one-parameter groups of HP-
isometries, and present a fairly comprehensive treatment of the spectral properties
of such a generator.

Throughout what follows, we shall denote the unit circle {z € C: |z] = 1}
by C, the extended complex plane by C,, and the composition of two mappings
f and g by feog We usually deal with HP(D). When, on occasion, we pass
to the boundary C, this fact will be made clear by the context.

We remark that for 1 <p <oo, p # 2, it is known [1, Theorem (2.8)]
that the one-parameter groups of HP-isometries continuous in the uniform opera-
tor topology are precisely the trivial groups of the form {e'I}, t €R, where
I is the identity operator, and f is a real constant.

1. One-parameter groups of Mobius transformations of the disc and their
extensions. Let {¢,}, t €R, be a one-parameter group of Mobius transforma-
tions of D. It will sometimes be convenient to write ¢(z, z) in place of ¢,(z)
(for t €R, z €C). In this notaticn, the partial derivative at (7, z5) of ¢( -, )
with respect to ¢ (resp., with respect to z) will be denoted by ¢,(r, z,) (resp.,
#5(r, zp)), provided it exists. As observed in [1, §1], ¢,(r, z5) and ¢,(7, z)
exist provided z, is not a pole of the Mobius transformation ¢,( ). The fol-
lowing fact will be basic to our considerations [1, Proposition (1.5)]:

(1.1) ScHoLIUM. The set S of common fixed points in C, of the func-
tions ¢,, t €R, must be one of the following: (i) a doubleton set consisting
ofapoint 7 in D and of 7! (the latter taken to be « if T =0), (i) a
singleton subset of C, or (iii) a doubleton subset of C. If u€R and ¢,(*)
is not the identity map, then S coincides with the set of all fixed points in

C, of ¢,(°).
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Asin [1], {¢,} will be said to be of type (i), (ii), or (iii) according as (i),
(ii), or (iii) of the mutually exclusive descriptions for S in (1.1) holds. A fur-
ther basic fact from [1, (1.6) and (1.7)] is that ¢,(0, z) is a nonzero polynomial
in z of degree one-or two whose set of zeros is S N C. We denote ¢,(0, )
by q(-) and call it the invariance polynomial of {¢,}, ¢t €R.

We shall now characterize one-parameter groups of Mgbius transformations
of D by a suitable type of initial-value problem. For such a group {¢,},
I¢(t, 2)I* =1 for tER, zEC If we partially differentiate this identity with
respect to ¢t and then set ¢ =0, we get

(1.2) Re[zq(z)] =0 forall z in C

Let T be the set of all nonzero polynomials f of degree at most 2 such that
Re[zf (z)] =0 for all unimodular z. A simple calculation based on the defini-
tion and the linear independence on C of the functions z, 1, and z shows
that T consists of all polynomials f of the form f(z) = Az? + iBz — 4, where
A is a complex constant, B is a real constant, and |A4|®> + B2 > 0.

Next we observe that for the group {¢,} we have forall s, #ER and
2E€D, ¢s +1t, 2) = ¢(s, ¢(t, z)). Partial differentiation with respect to s, fol-
lowed by setting s = 0, gives ¢,(t, z) = q(#(t, z)) for tER, zED.

Conversely, let p, € T, let J be an interval of R containing 0, and
consider the initial-value problem on J x D

(1.3) A, 2)/3t = po(¥(t, 2)),  ¥(0,2) =z

Regarding (1.3) as an ordinary differential equation for each fixed z € D, we get
from a standard uniqueness theorem that (1.3) has at most one solution for ¢
on J x D, and the Picard method of successive approximations shows that there
isa 8 >0 such that (1.3) has a solution on [~ 8, 8] x D which is the uniform
limit on [-8,8] x D of a sequence of polynomials in ¢ and z. Moreover,
~if @>0, and ¥ is a solution of (1.3) on [~ @, a] x D, then for fixed z, €D

W) e 2P - 1] = 2 Re[FE 2P 20] on [ al.

For wE€C let w* be w/lw| if w+#0, and 1 if w=0. Then

Po(¥(t, 20)) — Po(¥(t, 20)*) = O(IY(L, 25) — Y(2, 29)*) on [-a,a].
Thus (1.4) and the definition of T give us that

L119(t, 2) - 11| = 00196 26) - 1.

A standard Gronwall type argument allows us to conclude from this fact that, for
t€[~a,a], Y 2)I<1 (resp., lY(t, 2)l=1) for zE€ D (resp., for |z| = 1).
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It is easy to see with the aid of this boundedness conclusion that (1.3) has a
unique solution ¢ on R x D. As usual, for ¢t € R we write ¢, for the func-
tion ¢(#,*) on D. In particular each ¢, maps D into D and C into C
Since the equation in (1.3) is autonomous, we get that ¢,, (z) = ¢(¢d,(z)) for
t,s €ER, z €D. Our earlier observation concerning the Picard method assures
us of an interval [-8,8] such that, for each ¢ in [-§, 8], ¢, is continuous
on D and analytic on D. It is now clear that, for ¢ € [-§, §], ¢, is a one-
to-one analytic map of D onto D and must be a Mobius transformation of the
disc. Since ¢,,, =9, ° ¢, forall u, v €R, it follows easily that ¢, isa
Mibius transformation of the disc for each u € R. Moreover, it is immediate
from (1.3) that p, is the invariance polynomial of the one-parameter group {¢,}
of Mobius transformations of the disc. We have established:

(1.5) THEOREM. The correspondence which assigns to each one-parameter
group of Mobius transformations of the disc its invariance polynomial is a one-
to-one map of the set of all such groups onto 1. The inverse of this map assigns
to each py € 1 the unique solution on R x D of the initial-value problem

3¢(’, Z)/at = po(\ll(t, Z)), V/(O, Z) =2z

The next theorem makes explicit the correspondence of Theorem (1.5).
Some additional notation will be helpful. Let R, (resp., P) denote the set of
nonzero (resp., positive) real numbers. Let S; (resp., S,) be the Cartesian
product Ry x D (resp., Ry x C). Let S3 be the set of all ordered triples
(c,a,P) suchthat cEP, a€C,BEC, a#p. Let G (resp., G,, G3) be the
set of all one-parameter groups of Mobius transformations of the disc of type (i)
(resp., type (ii), type (iii)). For 7 €D, let 7, be the Mobius transformation
of the disc given by 7,(z) = (z — 7)/(7z — 1). (Note that v, is its own inverse
map.) For (o, f) € C x C with a+#p, let g, 4 be the linear fractional trans-
formation given by 0, 4(2) = (z — ¢)/(z — B).

(1.6) THEOREM. (i) To each ordered pair (c, 7) in S, there corresponds
a group {¢,} belonging to G, given by

1.7 6,2) = 7,(6°™,(2)) for tER, zED.

This correspondence is a one-to-one map of S, onto G,. If {¢,} € G, has
the unique representation (1.7), then its invariance polynomial is icz (resp.,
icr(rl? -1~z -71)( - 1/D) if 7=0 (resp., 7#0).

(i) To each ordered pair (c, @) in S, there corresponds a group {¢,}
belonging to G, given by
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1 —ict)z + icta
1.8 = ( — € ,
(1.8) 0/8) = " =7 oD for tER, zED

This correspondence is a one-to-one map of S, onto G,. If {¢,} € G, has
the unique representation (1.8), then its invariance polynomial is ica(z — o)?.

(iii) To each ordered triple (c, a,B) in S; there corresponds a group
{¢,} belonging to G, given by

(1.9) 0,(2) = (04,5)” (0, 4(2)) for tER, zED.

This correspondence is a one-to-one map of S3 onto Gy. If {¢,} € G,
has the unique representation (1.9), then its invariance polynomial is

(c/(a = B))z ~ &)z = B).

PROOF. We begin with (iii). Let (c, &, f) € S3. Note that ¢, 4(D) is
the half-plane H (including the point at *) given by Re[(1 —aB)z] <O.
Thus if we define ¢, by (1.9), then ¢, is a linear fractional transformation
with ¢,D) = (oa,ﬁ)“(H) =D. Clearly {¢,}, t€R, isa one-parameter group
of Mobius transformations of the disc having @ and § as common fixed points.
Conversely, let {¢,} be of type (iii) with distinct common fixed points a, f €
C. It follows from elementary facts about linear fractional transformations [7,

p. 323] that for each # €R there is a unique nonzero complex constant K,
such that o, (,(2)) = K,0, 4(z). Moreover, K, = KK forall ¢ s€ER.
Since ¢,(z) is continuous in ¢ for each z €D, K, is a continuous function
of ¢ If H is the half-plane mentioned above, then for each t €R, H =K H,
which implies K, > 0. It is now clear that there is a real number A such that
K,=eM forall tER. Since {¢,} is not a constant function of #, X # 0.
By taking reciprocals, if necessary, on both sides of the equation

?ﬁ‘(i):_'.x_ =MEI”Q

0,2) -8B z-p’
we conclude that {¢,} corresponds to an ordered triple in S;. If (c;, @, B,)
and (c,, a,,B,) belong to S; and define the same group {¢,} by (1.9), then
it is obvious from (1.9) that the set of common fixed points of {¢,},# €R,
coincides with each of the sets {a;,f;} and {a,,B,}. If ; =f, and
B, = a,, then it follows readily that e~¢2* = ¢1? for all ¢ €R, which gives
the conclusion —¢, =c¢,. But ¢; >0 and ¢, >0. Thus ; =@, and B, =
B,, whence ¢, =c,. To compute the invariance polynomial of {¢,} in (1.9),
we first differentiate with respect to ¢ on both sides of the equation
04,5(9,(2)) = €°%0,, 4(2) to get

0y 5(9(t, 2)) 39(t, 2)/0t = cea, 4(2).

Dividing the latter equation by the former gives

teER, zED,
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0, 5(#(2, 2)) gt 2) _
0o 5(6( 2)) FY

By direct calculation,

oa,ﬁ(z) _ 1
Ola,a(z) T a-8

z-a)z—p) for zED.

Thus

Qﬁg’;—l == 5 (96 2) = )9, 2) ~ ) for €D,

and the desired conclusion follows. The proof of (i) (except for the trivial parts
when 7= 0) is entirely analogous to that of (iii) (using 7 and 7~! in place
of @ and f). Also, (i) has been tabulated in [1, Theorem (1.10) and Corollary
(1.13)], and we omit the details of its proof. It remains to establish (ii). Obvi-
ously the invariance polynomials of the groups of type (ii) are precisely the poly-
nomials belonging to I with a double root belonging to C. The latter are, in
turn, precisely the polynomials of the form q(z) = ica(z — ) for ¢ real and
nonzero and « € C. The proof of (ii) is now easily completed by explicitly
solving, for such a polynomial g, the initial-value problem of Theorem (1.5),
thereby obtaining the corresponding group, {¢,}, ¢ € R. The solution guaranteed
by Theorem (1.5) can be found on R x D by separation of variables.

In the next section we shall be concerned with extending, whenever possible,
a one-parameter group of isometries of H? to a semigroup (defined on a half-
plane) of operators on HP. In preparation for this we now take up the related
problem of extending a one-parameter group of M&bius transformations of the
disc to a planar group of linear fractional transformations in the following sense.

DEFINITION. A planar group {L,}, w € C, of linear fractional transfor-
mations is a homomorphism w +> L, of the additive group of C into the
group (under composition) of all linear fractional transformations such that, for
each z€C, w— L (2) is a continuous mapping of C into C,, for some w
L,, is not the identity map, and, for each z € C, dL,,(z)/aw),,—, exists. The
planar group {L,}, w€C, is said to extend a one-parameter group {¢,},
t €R, of Mobius transformations of the disc provided L, = ¢, for tER.

(1.10) THEOREM. Every one-parameter group {¢,} of Mobius transfor-
mations of the disc can be uniquely extended to a planar group {9}, w € C,
of linear fractional transformations. In fact:

@) If {#,} is of type (i) with the representation (1.7), then {®,}, w€
C, has the form
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(€ = 1)z + 1(1 = e¥)
(€ = 1)z + 1 = |r|2e""’

(1.11) ®,,(2) = 7,(e*, (@) =

(i) If {¢,} is of type (ii) with the representation (1.8), then {®,},
w € C, has the form

(1 —icw)z + icwa

1.12 = — .
(112 ®.() —icawz + 1 + icw

(i) If {¢,} is of type (iii) with the representation (1.9), then {®,,},
w € C, has the form

Be°™ ~ o)z + of(1 — e°%)
-1z +p-0e™

(113)  &,(2) = (0,,6) (70, 5(2) =

PROOF. One verifies readily that the middle and right-hand members in
each of (1.11) and (1.13) are equal, and that (1.12) defines a planar group {®,},
w € C, which obviously extends the group {¢,} in (ii). It is obvious that (1.11)
(resp., (1.13)) defines a planar group extending the group {¢,} in (i) (resp.,
(iii)). To prove uniqueness, let {¢,} be a one-parameter group of Mobius trans-
formations of D with invariance polynomial q, and let {¥,} be a planar
group of linear fractional transformations extending {¢,}. It follows from def-
initions that if (w,,20) € C x C and z, is not a pole of ¥,, , then
d\Ilw(zo)/dwlw:wo exists and equals q(\I’wo(zo)). Thus if vy €R and z, is
not a pole of Fivys then d\II,.v(zo)/dv|v__.vo = iq(\If,.vo(zo)). The Picard method
and a standard uniqueness theorem show that there isa 6 > 0 such that for
each z €D, the initial value problem dy/dvv = iq(y), y(0) = z, has a unique
solution on every subinterval containing 0 of [-8,8] (6 is independent of
z € D). The desired uniqueness of extension now follows readily.

REMARKS. (1) The uniqueness of the representation for {&,} in (1.11)
(resp., (1.12), (1.13)) follows from the uniqueness of the representation for {¢,}
in (1.7) (resp., (1.8), (1.9)).

(2) If {L,} is a planar group of linear fractional transformations, then
an argument similar to the one used in proving [1, Proposition (1.5)] shows that
for any complex number wg such that Lw0 is not the identity, the set of
fixed points in C, of L, coincides with the set of common fixed points in
C, of the functions L,, w € C. In particular, if {L,} extends a one-param-
eter group {¢,} of Mobius transformations of D, then, by the last sentence
in (1.1), the set of common fixed points in C, of the functions L, for wE€C
coincides with the set of common fixed points in C, of the functions ¢, for
tER.
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(1.14) THEOREM. The linear fractional transformation ®,, in (1.11)
(resp., (1.12), (1.13)) maps D into D if and only if cImw =20 (resp.,
cImw<0,cImw=2kn for some integer k).

PROOF. By the maximum principle ®,,(D) C D if and only if ®,(D)C
D. Consider ®,, in (1.11). Since 7, is a Mobius transformation of the disc,
@, (D) C D if and only if "D C D. The assertion for this case is established.
Consider next the group {®,}, w €C, in (1.12). For convenience, put the
subscript zero on the constant ¢ in (1.12) so that the real constant is now de-
noted by the symbol c¢,. For arbitrary 7 in D, w€ C, let <p$;> be the linear
fractional transformation in (1.11) with ¢ = co(Ir|? — 1). Let (5,,,(w)) be the
2 x 2 matrix corresponding to the representation for ®,, in (1.12), and let
(35;2.("’)) be the matrix corresponding to the representation for <1>$;) on the far
right of (1.11). It is easy to see from the power series expansion for the expo-
nential function that, uniformly on bounded subsets of the w-plane, we have, as
T—a,

(1.15) 8 w) = (1 - 1712)6,,,w) + 0o(1 = I71?) for m,n=1,2.

If ¢gImw<0 and z €D, then the already established first assertion of the
theorem insures that I@g)(z)l < 1. This fact together with (1.15) enables us to
conclude that ®,(D) CD for ¢y Imw<0. On the other hand, if w is fixed
with ¢, Im w > 0, then from (1.11),

1(@(C)) = [exp (co(1 = Ir1?) Im w)] C.

If z, €C, and z, is not a pole of ®,, then it follows from (1.15) that for
It — al sufficiently small and positive, z, is not a pole of <I>g). Hence
180(z,) — 71 = 170 (z) — 1lexp (co(1 = I71?) Im w),
and so, as T —>q,
N
1.1
= 2[7®{(z5) — 112 ¢o(1 = I7?) Im w + o(1 = I71?).
If we simplify (1.16), divide by (1 — Ir|?), and let 7— @, we get
1.17) 1@,z = 1 =2lad,(zy) — 17 ¢y Im w.

Since @ is a fixed point of ®,,, if z, # & then the right-hand side of (1.17)
is positive. Thus ®,, does not map D into D for ¢y Im w> 0.

Finally, for arbitrary w € C, and the linear fractional transformation ®,,
in (1.13), ®,(D) C D if and only if €°“H C H, where H is the half-plane
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Re[(1 — aB)z] <O0. This completes the proof of the theorem.

Let {¢,} be an arbitrary one-parameter group of Mibius transformations
of D. In order to expedite the use of (0.1) in the study of one-parameter groups
of isometries of HP, we note here that ¢,( -, ) has a continuous logarithm
Ly(-,*) on Rx D such that L4(0, 0) = 0 (the uniqueness of a logarithm
meeting these requirements is immediate from connectedness). Indeed, if we de-
note @,(t, * ) (resp., §,,(1, <)) by ¢,(-) (resp., ¢7(*)), then straightforward
reasoning proves the existence of Ly(*,*) in the form

e d8, 0] z 97(8)
(1.18) Ly(t,2) = f T ¢@d+h5@

From the connectedness of R x R x D we see that

dt for t€ER, z€D.

(L19)  Ly(t +s,2) = Ly(t, () + Ly(s, z) forall tER, sER, z€ED.

If, further, {¢,} is of type (i) or (ii), then, in the notation of Theorem
(1.14), let Hy be the half-plane {w € C: ®,(D) C D}. In a fashion analogous
to the foregoing we note that ®,(w, z) (= 3%9,,(z)/3z) has,on Hy x D, a
unique continuous logarithm vanishing at (0, 0). Denoting this logarithm by Lg,,
we have that

d[®,(0 ol (&
ol ﬁ[i”@&d+ﬁ58
w
for w€ Hy, z €D.
The contour of the first integral on the right of (1.20) is in Hg. Moreover,

(1.20) %

(1.21) Lo(wy + wy,2) = Lo(wy, @, (@) + Lo(w,, 2)

forall w, € Hy, w, € Hy, z€ED.

2. One-parameter groups of isometries of HP. Let G be the set of all one-
parameter groups of Mdbius transformations of D. If {¢,}€Gand 1<p<
o, then for tER, z €D we define [¢}(z)] 1P 10 be exp [(Up)Ly(2, 2)].
Also, let T, be the set of all one-parameter groups of isometries of HP which
are continuous in the strong, but not in the uniform, operator topology. For
each nonnegative integer n, let e, be the function in H> defined by
e,(z) =2z".

(2.1) THEOREM. If 1<p <, there is a one-to-one map M, of RxG
into I‘p. The Mp-image {1,} of (w, {¢,}) isgiven by

(22)  (Tf)e) =€ [o,2)]/Pf8(2)) for fEHP, zED, tER.
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If, further, p # 2, M, maps R x G onto T,

PrROOF. It is immediate from (0.1) and (1.19) that {T,} in (2.2) is a one-
parameter group of isometries of HP. Strong continuity of {T,} is easily veri-
fied by first noticing that if f is a polynomial, T,f, as a function of ¢, is con-
tinuous from R to HP. {T,} is not continuous in the uniform operator topol-
ogy by [1, Theorem (2.4)(ii)]. The group {¢,} can be recovered from {T,},
since for each ¢t €R, ¢, = (T,e,)/(Tseo) on D. It is now evident that M, is
one-to-one. On the other hand, if p# 2 and {U,} € 'y, then (see [1, Theo-
rem (2.4)(i) and discussion leading up to it]) it follows from (0.1) that there are
{¢,} € G and a function A(-) from R into C such that

23)  (UNR) = NO[6:2)]Pfipfz)) for tER, FEHP, z ED.

Taking f equal to e, in (2.3) shows that A(-) is continuous on R. For
each s €R, U; = N$5)T,, where {T,} € Fp corresponds to (0, {¢,}) in
(2.2). It follows that A(-) is a continuous character of R. This completes
the proof.

REMARK. It is not difficult to show by example that the range of M, is
a proper subset of T',.

DEFINITION. If {T,} =Mp(w, {#,}), we shall call {¢,} the conformal
group associated with {7T,}, and w the logarithmic index of {7,}. We shall
say that {T,} is of type (i), (ii), or (iii) according as {¢,} is. Given any group
{¢,} of type (i) or (ii) with unique planar extension {®,}, we define
[€,,@)]!/7 on Hg x D tobe exp [(1/p)Lg(W, 2)].

(2.4) THEOREM. If 1<p <o, and {T,} is a one-parameter group of
HP-isometries of type (i) or (ii), with associated conformal group {¢,}, then
{T,} can be uniquely extended to a semigroup of bounded operators on HP,
{T,}, w€ Hy, such that {T,} is continuouson Hy in the strong operator
topology and holomorphic on the interior of Hg. If w is the logarithmic index
of {T,}, then {T,} isgiven by:

25)  (TuNE) =V [, PR, @) for fEHP, 2ED, wE Hy.
Moreover, T, I <e™®Im¥ forall we H,y.

PROOF. Uniqueness follows from the observation that, by the Schwarz
reflection principle, a continuous complex-valued function on H, analytic on
the interior of Hg and vanishing on the real axis must vanish identically. For
each w € Hy, it follows by a result of Gabriel [5, p. 117] that the right-hand
side of (2.5) with the factor e’“™ deleted defines a linear transformation S,
of HP into HP such that IS, I < 1. With the aid of (1.21) it is now clear
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that (2.5) defines a semigroup of bounded operators {T,}, w € Hg, which
extends {T,}, t €R. To complete the proof it suffices to show that for each
f€ HP, and each continuous linear functional G on HP, G(S,,f) is,asa
function of w, continuous on Hg and analytic on the interior of Hg. If
p > 1, then the evaluation functionals at points of D span a norm-dense linear
manifold in the dual space of HP, and, since {S,} is uniformly bounded, it is
enough to observe that if G is evaluation at a point of D, then G(S,,f) has
the desired properties. If p = 1, the proof reduces to the case where f is a
polynomial, and is then easily completed by passage to the boundary.
DEFINITION. If {¢,} € G and 1 <p <o, we shall denote M, 0, {¢,})
by {7?"”)}, or, when there is no danger of confusion, by {ng’)}. Further,
we denote the invariance polynomial of {¢,} by q,, and we define a closed
linear operator Q(P"”), with both domain and range in HP, asfollows: its
domain D(QP+®) is {f€ HP: q,f € HP}, and

’ l ’
26 (QPPNE) =4, @)+ 4p@f)  for FENYP?), zED.
In a context where p is fixed, we shall write Q(‘”) instead of QP9

(2.7) THEOREM. If {¢,} €EG and 1 <p <o, then the infinitesimal
generator of {TP*®} is QP9

ProOF. Let A be the generator of {T(,"’)}. If fENA®) and z €
D, then

ADNE) =2 |- [TPNE),

and it follows that Q®) extends A®). If {¢,} is of type (i), then Q¢ =
A@® by [1, Theorem (3.1)(@)]. If {¢,} has the form (1.8) (resp., (1.9)), and
if n is any complex number, then it is readily verified that the function F on
D whose value at each z is given by

(@ -a)?® ™'~ exp {amfic(z - @)}
(resp., by (z —a)!/P~n/e=1(z — gyl/p+njc—1)
has the property that for each analytic function f on D

d(Fq,f)

.8) L =~ W~ @S + o™ IF on D.

In particular, if 7 =c¢, and f is in the null space of ¢f — Q‘d’), then there is a
constant K such that f= K/(Fq,) on D. Since 1/(Fq,) isnotin HP, we
get that cf — Q(¢) is one-to-one. Since the spectrum of the generator of a strong-
ly continuous one-parameter group of Banach space isometries must be a subset of
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R [2, VIILL.11], oI — A®) maps D(A®)) onto HP. Because the one-to-one
operator cf — Q®) extends the surjective operator ¢ — A®), we conclude eas-

ily that D(Q®)) = DA®).

3. Spectral properties of Q). If {T,} = My(w,{9,}), then the
infinitesimal generator of {T,} is iw + Q“’"”). Thus, from the standpoint of
spectral analysis, the study of such a generator reduces to the study of the corre-
sponding operator Qp,zb)_ We shall denote the spectrum of an operator A by
A(A).

(3.1) THEOREM. Let {¢,} €G. For 1<p < we have:

@ If {9} is of type (i), with the representation (1.7), then: Q®®) hgs
compact resolvent function; A(Q(P'¢’)) = {icm+p~):n=0,1,2,--}; for
n=0,1,2,--- ,ic(n+p=?') is an eigenvalue of Q”'Q’), and the eigenmanifold
corresponding to ic(n +p~?') is one-dimensional.

() If {¢,} is of type (ii), with the representation (1.8), then A(Q®+9)) =
=i A >0}, and Q®® has no eigenvalues.

(i) If {9,} is of type (iii), then A(QP'?) =R, and QP9 has no
eigenvalues.

PROOF. In all cases we have A(Q(®)) C iR by virtue of Theorem (2.7).
Assertion (i) is contained in [1, Theorem (3.1)], and is listed above for compari-
son with (i) and (iii). If {¢,} is of type (ii) or (iii), and A ER, then, just as
in the proof of Theorem (2.7), an argument based on (2.8) (with 5 = i\ in this
instance) shows that i\ — Q®) is one-to-one.

Next, let {¢,} be of type (iii), with the representation (1.9). Let A ER,
and for each w € C with Re(w)>— 1/p, let f,, be defined on D by
fw@ = ~-a)". Then f,(2)=we - @)~ 'f,(z), and we have that f,, € ().

(A - 991, 1@)

= - _we B = (g—a) = —C— (, —
R e e L e (]

= E{—C-! (w + I—%)(z = a)f,,(2) — c(w = wy)f, (2), where w, = —Il’ + % .

As w—w, (with Re(w)>-1/p), Iz- &)f, N, = O(1), while If,, Ilp —
+ o0, Thus (lI(;A— Q“”)fw ||p/ If,, Ilp) — 0, and the proof of (iii) is complete.
If {¢,} has the form (1.8), let {T,,}, w€E Hy, be the extension of
{Tﬁ‘”}, t €R, furnished by Theorem (2.4). In this instance Hy is {w € C:
¢Imw<0}, and (since w=0) each T, is a contraction operator. Let R
be {wWEC:Re(w)=>0}. If ¢>0 (resp.,c <0) define {U,}, w€R, by
setting U, =T_,,, (tesp., U, =T;,). By [6, Theorem 17.9.2] the infinites-
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imal generator A of {U,}, t=0, is (- z')Q(d’) (resp., iQ(¢)). Since, by [2,
VIIL.1.11], A(A) C {u € C: Re(u) <0}, we get that A(Q("’)) C {~ik:ed =0},
Conversely, if ¢A>0, for ¢t>—1/p define f, € HP by setting f,(z) =

(z — @)' exp(\/c(z — @)). Then f, € H(Q®), and

[N + 2PN (2) = ica (t + %) z = &)f2).

As t——1/p from the right, clearly Iz~ a)f,l, = O(1) and Ifl, — + .
This completes the proof of the theorem.

REMARK. If {¢,} is of type (ii) or (iii), then Q(¢) does not have com-
pact resolvent function, since A(Q("’)) is uncountable.

DEFINITION, For 1<p < and {¢,} €G, let AP be {uc AQPP):
the range of u - Q”"”) is dense in HP}.

(3.2) THEOREM. () If {9,} is of type (i), then AP® is empty for
1<p<eoo,

Gi) If {9,} is of type (ii), then AP®) = AQP®) for 1 <p < oo,
and A1®) = {0}.

(i) If {9,} is of type (iii), then AP = AQP®) for 1<p<ee,
and AU s empty.

PROOF. For 1<p<e, {¢,} €G, and AER, itisclear that i\ —
qM’) generates a strongly continuous one-parameter group of isometries of HP.
The desired conclusions for p > 1 are now immediate from Theorem (3.1) and
the following general fact (see [2, VIII.7.2]): If A generates a uniformly bound-
ed strongly continuous semigroup of operators on a reflexive Banach space X,
then X* is the direct sum of the null space of A and the closure of the range
of A.

To complete the proof of (i), let {¢,} have the form (1.7),1et n be a
nonnegative integer, and suppose [ic(n + 1) — Q1) ]f = g. It is easy to verify
that on the region obtained by deleting 7 from D

_(z—?’l)"+2g(z) _.ii_ 7 — 7 1yn+2 ) .
@ —7)'q,() T dz [L(z__# f(Z)], if 7#0;

- A0 _ 4 (1) £ 1m0
2"qy(z) dz \ Z" )

The right-hand side of each equation in (3.3) has a vanishing contour integral

around any circle |z| =r, |7l <r< 1. Thus we get for 7# 0 (resp., 7= 0)

(@ -7 1g@)™ () = 0 (resp., g (0) = 0). Since the range of ic(n + 1)-

Q*#) s contained in the null space of a nonzero continuous linear functional on

H!, the desired conclusion follows.
Next let {¢,} have the form (1.8). If Ac>0 and g=- (A + QU9

(3.3)
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then by (2.8) there is a constant K such that for all z €D

G4 0=~ Fens® [/ scepreey ae + £,

where F(z) = exp (- A\/c(z — a)) (we shall regard F as being defined on
D\{a} by this formula). We observe that |F(z)| = exp(\/2¢) for zE€C, z #
a. However, F does not belong to H”(D), whereas the reciprocal of F does.
As z approaches radially any point z, of C\{a}, the integral in (3.4) tends to
a limit (denoted jf,og(S)F(s) dt). Since g(e’®)F(e®) isin L' of C, it is easy
to see that [§ g(¥)F(£) dt has one-sided limits as z— a on C. Because JiCad)
isin L' of C, both one-sided limits must be — K. It follows that g is in the
null space of the continuous linear functional y(-) on H' -defined by y(h) =
Jig1=1 HE)F(¥) dt. Note that since 1/F does not have an inverse in the algebra
H™(D), the restriction of F to C, which is the reciprocal of the boundary func-
tion of 1/F, cannot be in H”(C). However, if y were identically zero, this
restriction of F would be in H*(C). It follows that — iA & AU for cA >
0. On the other hand, if A is analytic on D with h(z) = O(lz — al?), then, as
a consequence of Hardy’s inequality, 4 has a primitive G on D such that
G(z) — 0 as z — a. It is easy to see that G(z)/qq.,(z) =0(lz - al) and
A1 9)G/qy) = h. Since (z—¢) is outer, 0 € A1),

Suppose next that {¢,} has the form (1.9), that A €R, and that
(ieh— QUf =g Asbefore, equation(3.4) holds on D, and F now has the form
(z — @)~z — By’*. In this instance both F and its reciprocal are in H, and,
by virtue of Hardy’s inequality, the integral appearing in (3.4) has, as a function
of z, a continuous extension to D. It is easy to see that we must have

2 eorae= [ sorey a=-x

Thus [ gg(E)F(E) dt = 0 (either arc of C from « to B may be used for this
path integral by [3, Theorem (3.6)]). (It is easy to see that the range of (icA —
Q1)) contains {G € U, <p<eHP: fﬂ G(&)F(£) dt = 0}; however, we do not
need this fact, and omit its proof.) Let us define a continuous linear functional
¥(*) on H' by the formula y(h) = fﬂh(E)F(E) dt. Note that y(1/F) =f-a
# 0. This completes the proof of the theorem.

4. Concluding remarks concerning ranges. In this section we shall examine
the range of (u— Q®®)), where u€ A®9. Our aim will be to find a (more-
or-less concretely described) dense subset of HP which is also a subset of the range
of (u-— Q‘p'¢)). For p =1 this setting occurs if and only if {¢,} is of type
(ii) and p = 0; for this case a specific dense subset of H' which is also a subset
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of the range of Q(""’) was found in the proof of Theorem (3.2).

(4.1) THEOREM. Suppose that 1 <p <, and {¢,} is of type (iii) with
the representation (1.9). For each A\ €R,

{g € p<lsJ<” m: | i gEE — oy M- B - )E - gt = 0}

is dense in HP, and is a subset of the range of (ic\ — Q(” o),

PROOF. We note that in the above contour integral, we are multiplying g
by the function F appearing in (2.8) (for = icA). Let g € H*! for some
p, >p, and observe that Fg € H'*® for some & > 0. If 2 g()F(£)dt =0,
then the function of z €D [% g(})F(¥) d§ (= [58(})F(2)dE) is O(lz —alf/(118))
and O(lz - BIP/(1+)). From this we see that — (F(z)34(2)) ™ f2g(&)F () dt
isin HP. By (2.8) (icA— Q""”)) sends the latter function into g.

To complete the proof let X be the normed linear space |, < e H*
(with HP-norm). Define the linear functional G on X by G(g) = fﬂg(E)F(E) dt.
We show that the kernel of G is dense in X by proving that G is not contin-
uous. For ¢#>—1/p, define f,€X by

@) = e~ -p N -0y - '~
Then

G(ft)= fz (E_a)t+p—l—ld£=(ﬁ—'a)t+p-l(t-|-p—l)—l-

Butas t——1/p, Ifyl, = Oz +p~")~1/P),
The following lemma will be useful in studying the type (ii) case.

(4.2) LeMMA. If fEH”, a €C, and A<0, then

f iae’\“’(f-")f(s) dt| = 00/, for |21 < 1.

ProOF. For convenience we shall, without loss of generality, take a equal
to 1. Integrate from — 1 along [-1, 1] to the point &, on the circle
Re1/(§ — 1) = Re1/(z — 1), and then along the minor arc of this circle from £,
to z. Since A/(x — 1) increases on [- 1, 1), the absolute value of the first in-
tegral does not exceed 2lfl_le*@=1)|. The absolute value of the second inte-
gral does not exceed wlfll_|eME—1)],

(4.3) THEOREM. Suppose that 1 <p <, and {¢,} is of type (ii) with
the representation (1.8). For each A <0,
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{sen™: 5= 00z - o) ana
J =8¢~ @2 =D Ee) gy = 0}

is dense in HP, and is a subset of the range of (ic\ — Q(” '¢)).

PrROOF. Let N be the set in the statement of the theorem, and observe
that in the (absolutely convergent) contour integral used to define N, g is multi-
plied by the function F appearing in (2.8) (for n = icA). For any g € N,
22Xz —0)* @M=D isin H*(D). Define G on D by

6@ = |~ _s@rw® as + [ s a

(by assumption on g, the latter integral is the same along either semicircle from
a to —a). By Lemma (4.2),

G(z)
F(z)q4(2)

Clearly, then, G/Fq, isin H'/3. The boundary function of G/Fq, is

- ([Loro @)

where the integral is taken along either arc of C from a to z. It is easy to see

that this boundary function is O(lz —«|) for |z| = 1, and it follows by [3,

Theorem (2.7)] that G/Fg, isin H”(D). By (2.8), (ichk — Q¥ ®)- G/Fg,) = g.
Let X be the set of all analytic functions on D which are O(lz — a/?).

If A =0, then by the Cauchy integral theorem N = X, and the density of N

is obvious in this case. If A <0, we regard X as a normed linear space with

the HP-norm, and we complete the proof of the theorem by showing that the

linear functional f+— [ ig1=1f(E)F(§) d§ is not continuous on X. Without loss

of generality we take a = 1. If the functional were continuous, there would be

a function W in LP I(d0) (where p' is conjugate to p) such that

=0(z - al™%/P) for |zI< 1.

BEE— 1)’F) dt = f gENE — 1’ W(E) dt forall g€ H™.

1€1= lEl=1

It follows, since (¢ — 1)2F(¢) and (¢ — 1)2W(§) are integrable, that there is a
function & € H' such that (¢ — 1)2F(£)dt = (¢ — 1)>W(t) d§ + h(¢) dt. This
gives .

(44) (- 1)?PaE=eMEDE - 1)2W(E) di + e MEDp(g) dt.
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Multiply (4.4) by (2mi)~'(¢-7r)~3,0<r <1, and then integrate both sides
around C. The left side is p~'((2/p) — 1)r— 1)>//P~1), Forany b >0, the
second term on the right is O((1 — r)®), while standard estimates show that the
first term on the right is O((1 —r)~!*1/P), By letting r — 1 we obtain the
desired contradiction if p #2. If p =2, multiply (44) by m)~'¢-r"3¢ - 1)!/4.
As before, we obtain a contradiction.
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